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a b s t r a c t

In this paper, we first describe a homogenization methodology with the aim of establishing strain gradi-
ent constitutive relations for heterogeneous materials. The methodology presented in this work includes
two main steps. The first one is the construction of the average strain-energy density for a well-chosen
RVE by using a homogenization technique. The second one is the transformation of the obtained average
strain-energy density to that for the continuum. An important characteristic of this method is its self-
consistency with respect to the choice of the RVE: the strain gradient constitutive law built by using
the present method is independent of the size and the form of the RVE. In the frame of this homogeni-
zation procedure, we have constructed a strain gradient constitutive relation for a two-dimensional elas-
tic material with many microcracks by adopting the self-consistent scheme. It was shown that the
effective behavior of cracked solids depends not only on the crack density but also on the average crack
size with which the strain gradient is associated. The proposed constitutive relation provides a starting
point for the development of an evolution law of damage including strain gradient effect, which will
be presented in the second part of this work.

� 2011 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we attempt to demonstrate that strain gradient
plays an important role in fracture behavior of brittle materials.
We believe that through the present work, we can show an evident
influence of strain gradient on the fracture of brittle materials un-
der non-singular stress concentration. The present work is divided
into two parts. In the first part, we developed a homogenization
methodology with which a strain gradient constitutive relation
was established for brittle materials with many microcracks. In
the second part, this constitutive relation was extended into an evo-
lution law of damage. Moreover, numerical simulations and com-
parative studies with experimental results were also performed.

The strain gradient constitutive laws in solid mechanics were
introduced by the necessity to describe the size effect observed
in micro or macro scales. This size effect involves change of re-
sponse when the spatial dimensions are scaled up or down while
the geometry and all other characteristics are preserved (Bazant,
1976). The size effect study in solid mechanics is a wide domain
with considerable importance in engineering applications. It is a
common belief that the size effect is essentially due to heterogene-
ities and flaws in materials. The size effect becomes noticeable
when the size of these heterogeneities and flaws is comparable
with respect to that of structural elements.

Generally speaking, the size effect in brittle materials has a sta-
tistical and a deterministic component. Numerous studies were re-
ported for assessing the influence of the statistic aspect of the
heterogeneities on the size effect (Carpinteri, 1994). For the deter-
ministic component, the main difficulty resides in the fact that its
study cannot readily be included in classical continuum mechanics
framework. Consequently, researchers often see enriched contin-
uum theories like non-local elasticity (e.g., Pijaudier-Cabot and
Bazant, 1987) as a replacement for more complicated microscopic
and discrete simulations. Under certain conditions, these non-local
models can be approximated by the so-called strain gradient elas-
ticity where higher-order gradients of strain are added to the clas-
sical elastic constitutive equations. These gradient approaches are
often based on the introduction of length scale effects in elasticity,
plasticity or dislocation dynamics by incorporating higher order
gradients of strain into the constitutive or evolution equations gov-
erning the material description. Casal (1961, 1963, 1972) first
introduced strain gradient in modeling a 1D bar behavior, and
interpreted the forces corresponding to higher order strains as
‘‘capillarity forces’’ since they appear as important as the size of
the bar becomes small. Toupin (1962) and Mindlin and Tiersten
(1962) have developed the general three-dimensional theory of
higher-order gradient theories for linear elastic materials. Since,
the higher-order gradient theories became a popular topic of
research (Mindlin, 1964, 1965; Green and Rivlin, 1964; Koiter,
1964; Kleinert, 1989; Ru and Aifantis, 1993; Aifantis, 2003; Gutkin,
2000 among others). Apart from these pure elasticity theories, the
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