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a b s t r a c t

This paper provides solutions for De Saint-Venant torsion problem on a beam with arbitrary and

uniform cross-section. In particular three methods framed into complex analysis have been considered:

Complex Polynomial Method (CPM), Complex Variable Boundary Element Method (CVBEM) and Line

Element-less Method (LEM), recently proposed. CPM involves the expansion of a complex potential in

Taylor series, computing the unknown coefficients by means of collocation points on the boundary.

CVBEM takes advantage of Cauchy’s integral formula that returns the solution of Laplace equation when

mixed boundary conditions on both real and imaginary parts of the complex potential are known. LEM

introduces the expansion in the double-ended Laurent series involving harmonic polynomials,

proposing an element-free weak form procedure, by imposing that the square of the net flux of the

shear stress across the border is minimized with respect to the series coefficients. These methods have

been compared with respect to numerical efficiency and accuracy. Numerical results have been

correlated with analytical and approximate solutions that can be already found in literature.

& 2011 Elsevier Ltd. All rights reserved.

1. Introduction

Laplace equation is one of the most important partial differ-
ential equation governing many problems in mathematical phy-
sics such as heat flow, electrostatics, fluid flow, gravitational field,
magnetism, diffusion, elasticity and current flow. Problems gov-
erned by Laplace equation are studied by means of the so-called
potential theory and its solutions, whose second partial deriva-
tives are continuous, are called harmonic functions.

Use of complex analysis for developing approximations for
two-dimensional potential problems is an efficient tool for
numerical analysis of problems related to systems governed by
the Laplace equation.

Two main advantages are reached by use of complex analysis:
a technical one and a physical one. Technically, it is possible to
characterize the solution for two conjugate functions at once;
physically, the real and the imaginary part are orthogonal func-
tions and have a general meaning of potential and stream
functions. For canonical domains (circle, rectangle) or for parti-
cular domains the Laplace equation can be solved using analytical
methods and conformal mapping [1]. When dealing with domains
of a complex shape, numerical methods such as Boundary
Difference Method [2] and Finite Element Method [3–5] are
widely used. However, both methods need a discretization of

the whole domain that is time consuming. In this context
Complex Polynomial Method (CPM) [6–7], Complex Variable
Boundary Element Method (CVBEM) [8–10] and Line Element-
less Method (LEM) [11] can be considered as efficient tools for the
numerical analysis of the Laplace equation solution improving
computational facility by use of complex analysis. Moreover, LEM
does not require any discretization, neither of the boundary nor
the domain, as it will be detailed in the next sections.

This paper aims at comparing these three numerical methods
for the solution of torsion problems in De Saint-Venant cylinder
with arbitrary, but uniform, cross-section, considering both
smooth and sharp corners profiles. At first shape sections whose
exact solution is known (circle, ellipse, equilateral triangle) will
be considered, so that the advantages of the methods may be
immediately captured. Then more generic sections will be
analyzed.

2. Complex analysis to potential theory

As already stressed in the Introduction, many physical pro-
blems of interest are mathematically described by the two-
dimensional Laplace equation [1,12–13] as follows:

r2UðẑÞ ¼
@2UðẑÞ

@x2
þ
@2UðẑÞ

@y2
¼ 0 in A ð1Þ

being

UðẑÞ ¼oðx,yÞþ ijðx,yÞ ð2Þ
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