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a b s t r a c t

Here we prove fractional representation formulae involving generalized fractional
derivatives, Caputo fractional derivatives and Riemann–Liouville fractional derivatives.
Then we establish Poincaré, Sobolev, Hilbert–Pachpatte and Opial type fractional
inequalities, involving the right versions of the abovementioned fractional derivatives.
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1. Introduction

This article continues the author’s monograph [1], and articles [2–5].
Among others, we establish fractional representation formulae for left and right generalized fractional derivatives, left

and right Caputo fractional derivatives, and right Riemann–Liouville fractional derivatives.
Then, based on these formulae, we prove new fractional differentiation inequalities of Poincaré type, Sobolev type,

Hilbert–Pachpatte type, and Opial type.
These inequalities involve all right fractional derivatives mentioned above.
To give a flavour of our work, we mention the following.
Let f ∈ ACm ([a, b]) (means f (m−1) is absolutely continuous), m ∈ N,m := ⌈α⌉ (ceiling of the number), α ∉ N, α ≥

γ + 1, γ ≥ 0, n := ⌈γ ⌉. Assume f (k) (b) = 0, k = n, n + 1, . . . ,m − 1,D
α

b−
f ∈ L∞ (a, b) (where D

α

b−
f is the right Caputo

fractional derivative); see Theorem 15.
Then we have the representation formula

D
γ

b−
f (x) =

1
Γ (α − γ )

∫ b

x
(t − x)α−γ−1


D

α

b−
f


(t) dt, (1)

∀x ∈ [a, b] , Γ stands for gamma function.
Using (1) and p, q > 1 :

1
p +

1
q = 1, we prove the following Poincaré type right Caputo fractional inequality; see

Theorem 21,∫ b

a

Dγ

b−
f (x)

q dx ≤
(b − a)q(α−γ )

(Γ (α − γ ))q (p (α − γ − 1) + 1)(q/p) q (α − γ )
 ·

∫ b

a

Dα

b−
f (ζ )

q dζ . (2)
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