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a b s t r a c t

The purpose of this paper is to propose and study a mathematical model and a boundary
control problem associated to the miscible displacement of hydrogen through the porous
anode of a PEM fuel cell. Throughout the paper, we study certain variational problems
with a priori regularity properties of the weak solutions. We obtain the existence of less
regular solutions and then we prove the desired regularity of these solutions. We consider
a control problem that permits to determine the boundary distribution of the pressure
which provides an optimal configuration for the temperature and for the concentration, as
well. Since the solution of the problem is not unique, the control variable does not appear
explicitly in the definition of our cost functional. To overcome this difficulty, we introduce
a family of penalized control problemswhich approximates our boundary control problem.
The necessary conditions of optimality are derived by passing to the limit in the penalized
optimality conditions.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

For its versatility the PEM fuel cell is one of the most interesting new energy sources. In the recent years, a significant
number of works have presented the physical and chemical processes involved in the fluid motion through a PEM fuel cell
(see e.g. [1–9]). By [10,11] we started our approach to themathematical problems issued from the study of certain processes
taking place in a PEM fuel cell, such as: the miscible displacement of the sulphuretted hydrogen, the oxidation process, the
heat and mass transport.

A PEM fuel cell consists of several layers of basic cells. In these cells, a proton conductivitymembrane separates the anode
and the cathode side, and each side has an electrode. The anode of the fuel cell is considered a porous medium occupying
a bounded domain Ω . The absorption of hydrogen is made through a part of the boundary of the porous medium. During
the oxidation process, in the presence of an electrolyte, hydrogen dissociates into protons and electrons; the protons are
conducted through the membrane of the cathode, whereas the electrons provide electric energy in an external circuit. At
the cathode, the electrons and positively charged hydrogen ions combine with oxygen to formwater, which flows out of the
cell. During this process, water, heat and electric energy are produced.

The present paper is devoted to the study of a mathematical model and of a boundary control problem associated to the
miscible displacement of hydrogen through the porous anode of a PEM fuel cell. We are taking into account the miscible
displacement of hydrogen through the porous anode of the fuel cell, the oxidation process and the heat and mass transport.
We assume that the process is governed by a nonlinear system containing the continuity equation, the Darcy’s law, the
diffusion equation and the heat equation. Also, the variation of the temperature and concentration are supposed small
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