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a b s t r a c t

Let X be an infinite dimensional real reflexive Banach space with dual space X∗ and G ⊂ X ,
open and bounded. Assume that X and X∗ are locally uniformly convex. Let T : X ⊃

D(T ) → 2X∗

be maximal monotone and strongly quasibounded, S : X ⊃ D(S) → X∗

maximal monotone, and C : X ⊃ D(C) → X∗ strongly quasibounded w.r.t. S and such that
it satisfies a generalized (S+)-condition w.r.t. S. Assume that D(S) = L ⊂ D(T ) ∩ D(C),
where L is a dense subspace of X , and 0 ∈ T (0), S(0) = 0. A new topological degree theory
is introduced for the sum T +S+C , with degreemapping d(T +S+C,G, 0). The reason for
this development is the creation of a useful tool for the study of a class of time-dependent
problems involving three operators. This degree theory is based on a degree theory that
was recently developed by Kartsatos and Skrypnik just for the single-valued sum S + C , as
above.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction—preliminaries

In what follows, the symbol X stands for an infinite dimensional real reflexive Banach space, which has been renormed
so that it and its dual X∗ are locally uniformly convex. The symbol ‖ · ‖ stands for the norm of X, X∗, and J : X → X∗ is the
normalized duality mapping.

In what follows, ‘‘continuous’’ means ‘‘strongly continuous’’ and the symbol ‘‘→’’ (‘‘⇀’’) means strong (weak)
convergence.

The symbolR (R+) stands for the set (−∞, ∞) ([0, ∞)) and the symbols ∂D,D denote the strong boundary and closure
of the set D, respectively. We denote by Br(0) the open ball of X or X∗ with center at zero and radius r > 0.

For an operator T : X → 2X∗

, we denote by D(T ) the effective domain of T , i.e. D(T ) = {x ∈ X : Tx ≠ ∅}. We denote by
G(T ) the graph of T , i.e. G(T ) = {(x, y) : x ∈ D(T ), y ∈ Tx}. An operator T : X ⊃ D(T ) → 2X∗

is said to be ‘‘monotone’’, if for
every x, y ∈ D(T ) and every u ∈ Tx, v ∈ Ty, we have

⟨u − v, x − y⟩ ≥ 0.

Amonotone operator T is ‘‘maximal monotone’’ if G(T ) is maximal in X × X∗, when X × X∗ is partially ordered by inclusion.
In our setting, a monotone operator T is maximal if and only if R(T +λJ) = X∗ for all λ ∈ (0, ∞). If T is maximal monotone,
then the operator Tt ≡ (T−1

+ tJ−1)−1
: X → X∗ is bounded, continuous (see Lemma 1), maximal monotone and such

that Ttx ⇀ T {0}x as t → 0+ for every x ∈ D(T ), where T {0}x denotes the element y∗
∈ Tx of minimum norm, i.e.

‖T {0}x‖ = inf{‖y∗
‖ : y∗

∈ Tx}. In our setting, this infimum is always attained and D(T {0}) = D(T ). Also, Ttx ∈ TJtx,
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