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a b s t r a c t

In this paper we study optimality conditions for optimization problems described by a spe-
cial class of directionally differentiable functions. The well-known necessary and sufficient
optimality condition of nonsmooth convex optimization, given in the form of variational
inequality, is generalized to the nonconvex case by using the notion of weak subdifferen-
tials. The equivalent formulation of this condition in terms of weak subdifferentials and
augmented normal cones is also presented.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper the problem of minimizing function f : S → R over the set S ⊆ Rn is considered.
The following is a well-known optimality condition in nonsmooth convex analysis which states that [1, Proposition 1.8.1,

page 168] if f : Rn
→ R is a convex function then vector xminimizes f over a convex set S ⊂ Rn if and only if there exists a

subgradient x∗
∈ ∂ f (x) such that

⟨x∗, x − x⟩ ≥ 0, ∀ x ∈ S (1)

where

∂ f (x) = {x∗
∈ Rn

: f (x) − f (x) ≥ ⟨x∗, x − x⟩, for all x ∈ Rn
} (2)

is a subdifferential of f at x. Equivalently, xminimizes f over a convex set S ⊂ Rn if and only if

0 ∈ ∂ f (x) + NS(x), (3)

where

NS(x) = {x∗
∈ Rn

: ⟨x∗, x − x⟩ ≤ 0, for all x ∈ S} (4)
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