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General Degasperis-Procesi equation

1. Introduction

In [1-3], Degasperis and Procesi first studied the following family of third-order dispersive PDE conservation laws:
Ur + Colly + Yl — @t = (C1U% + oty + C3litiy)y (1.1)

where «, ¢;, i = 0, 1, 2, 3, are real constants. Whenc; = —«/2, ¢, = @ and c; = ¢, replacing cy with k and o? with ¢
in the equation above, we obtain the following equation:

{(u — Ellxx)r + Kuy + qUlly + Yilex = (BUxllyx + Ullxx), X ER, £ >0 (1.2)

u(x, 0) = uo(x),

where u(x, t) is the fluid velocity at time ¢t in the spatial x direction (or equivalently the height of the free surface of water
above a float bottom), k is a constant related to the critical shallow water wave speed, and «, 3, € are dispersion parameters.
It is necessary to point out that Eq. (1.2) is equivalent to Eq. (1.1) since when ¢ = «@? = 3,k = ¢y, = —2c;, and,
B =1+ 2% Eq. (1.2) turns out to be Eq. (1.1). To better understand the common properties of Eq. (1.1), we resort to
studying Eq. (1.2), which is convenient for us to research.

There are at least three famous equations that satisfy the complete integrability condition within this family: the
KdV equation (see [4]), the Camassa-Holm equation (see [5,6]), and the Degasperis-Procesi equation (see [1-3]). Besides,
Eq. (1.2) includes the family of equations (see [7-9]) and the Fornberg-Whitham equation (see [10]) as special cases, but
they are not completely integrable.

With ¢ = 0in Eq. (1.2), it becomes the well-known Korteweg-de Vries equation, which describes the unidirectional
propagation of waves at the free surface of shallow water under the influence of gravity. ¢ = 0 represents the wave height
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