
Nonlinear Analysis 74 (2011) 4820–4830

Contents lists available at ScienceDirect

Nonlinear Analysis

journal homepage: www.elsevier.com/locate/na

Multiple solutions for a semilinear problem with combined terms and
nonlinear boundary conditions
Marcelo F. Furtado ∗, Ricardo Ruviaro
Departamento de Matemática, Universidade de Brasília, 70910-900 Brasília-DF, Brazil

a r t i c l e i n f o

Article history:
Received 18 June 2010
Accepted 22 April 2011
Communicated by Enzo Mitidieri

Keywords:
Variational methods
Elliptic problems
Sublinear and asymptotically linear
Resonant problems

a b s t r a c t

We consider the problem

−∆u + u = f (x, u) inΩ,
∂u
∂η

= h(x)|u|q−2u on ∂Ω,

where Ω ⊂ RN is a smooth bounded domain, N ≥ 3, 1 ≤ q < 2 and h belongs to an
appropriated Lebesgue space. In our main results, we suppose that f is an asymptotically
linear function andwe obtainmultiplicity of solutionswhen the norm of h is small.We also
present a multiplicity result in the case that f is nonquadratic at infinity.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

In this paper, we consider the problem−∆u + u = f (x, u) inΩ,
∂u
∂η

= h(x)|u|q−2u on ∂Ω, (P)

where Ω ⊂ RN is a smooth bounded domain, N ≥ 3 and ∂
∂η

is the outer normal derivative. The function f : Ω × R → R
is a Carathéodory function with subcritical growth. More specifically, if we denote by σ ′ the Hölder conjugate of σ > 1, we
assume that f satisfies the following condition
(f0) there exist 2 < p < 2∗, a1 > 0 and a ∈ Lσp(Ω) such that

|f (x, s)| ≤ a1|s|p−1
+ a(x), for a.e. x ∈ Ω, s ∈ R,

where 2∗
:= 2N/(N − 2) and σp := (2∗/p)′;

concerning the term on the boundary, we assume that 1 ≤ q < 2 and
(h0) h ∈ Lσq(∂Ω), where 2∗ := 2(N − 1)/(N − 2) and σq := (2∗/q)′.

We say that f is asymptotically linear if there exists a function k such that

lim
|s|→∞

f (x, s)
s

= k(x).

In the Dirichlet case, it is well known (see [1–4]) that the existence of solution is related with the interaction between the
limit function k(x) and the spectrum of the operator (−∆ + Id) in H1

0 (Ω). In our case, we consider the asymptotic limit as
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