
Nonlinear Analysis 74 (2011) 1320–1330

Contents lists available at ScienceDirect

Nonlinear Analysis

journal homepage: www.elsevier.com/locate/na

Multiplicity of positive radially symmetric solutions for a quasilinear
biharmonic equation in the plane
Zhichang Guo a, Jingxue Yin b, Yuanyuan Ke c,∗

a Department of Mathematics, Harbin Institute of Technology, Harbin 150001, PR China
b School of Mathematical Sciences, South China Normal University, 510631 Guangzhou, PR China
c School of Information, Renmin University of China, 100872, Beijing, PR China

a r t i c l e i n f o

Article history:
Received 17 July 2009
Accepted 1 October 2010

Keywords:
Multiplicity
Positive radially symmetric solution
Quasilinear biharmonic equation

a b s t r a c t

This paper is concerned with the multiplicity of positive radially symmetric solutions of
the Dirichlet boundary value problem for the following two-dimensional quasilinear bi-
harmonic equation

∆(|∆u|p−2∆u) = λg(x)f (u), x ∈ B1,

where B1 is the unit ball in the plane. We apply the fixed point index theory and the upper
and lower solutions method to investigate the multiplicity of positive radially symmetric
solutions. We have found that there exists a threshold λ∗ < +∞, such that if λ > λ∗, then
the problem has no positive radially symmetric solution; while if 0 < λ ≤ λ∗, then the
problem admits at least one positive radially symmetric solution. Especially, there exist at
least two positive radially symmetric solutions for 0 < λ < λ∗.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

This paper is devoted to the study of positive radially symmetric solutions of the following boundary value problem for
the two-dimensional quasilinear biharmonic equation

1(|1u|p−21u) = λg(x)f (u), x ∈ B1,

u = 0, x ∈ ∂B1,

1u = 0, x ∈ ∂B1,

(P)

where B1 = {x ∈ RN
||x| < 1}, x = (x1, x2),1 =

∂2

∂x21
+

∂2

∂x22
, p > 1 is a constant, and λ > 0 is a positive parameter. In order to

discuss the radially symmetric solutions, we assume that g(x) is radially symmetric, namely, g(x) = g(|x|). Let u(t) , u(|x|)
with t = |x| be a radially symmetric solution. Then direct calculations show that

L

|L u|p−2L u


= λg(t)f (u), t = |x|, 0 < t < 1, (1.1)

with the boundary value condition

u′(0) = u(1) =

|L u|p−2L u

′
|t=0 = (|L u|p−2L u)t=1 = 0, (1.2)

where L denotes the polar form of the two-dimensional Laplacian operator 1, i.e.
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