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a b s t r a c t

In this paperwe consider the asymptotic stability of a generalized linear neutral differential
equation with variable delays by using the fixed point theory. An asymptotic stability
theorem with a necessary and sufficient condition is proved, which improves and
generalizes some results due to Burton (2003) [3], Zhang (2005) [14], Raffoul (2004) [13],
and Jin and Luo (2008) [12]. Two examples are also given to illustrate our results.
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1. Introduction

Certainly, the Lyapunov direct method has been successfully used to investigate the stability properties of a wide variety
of ordinary, functional and partial differential equations. Nevertheless, the application of thismethod to problems of stability
in differential equations with delay has encountered serious difficulties if the delay is unbounded or if the equation has
unbounded terms [1–3]. Recently, investigators such as Burton, Zhang, Raffoul, Jin, Luo and others have noticed that some
of these difficulties vanish or might be overcome by means of fixed point theory (see [1–14]). The fixed point theory does
not only solve the problem on stability but has a significant advantage over Lyapunov’s direct method. The conditions of the
former are often averages but those of the latter are usually pointwise (see [1]).

Let a, b, c, bj, cj ∈ C

R+,R


, and τ , τj ∈ C


R+,R+


with t − τ(t) → ∞ and t − τj(t) → ∞ as t → ∞. Here C (S1, S2)

denotes the set of all continuous functions ϕ : S1 → S2 with the supremum norm ‖.‖.
In [3], Burton studied the equation

x′(t) = −b(t)x (t − τ(t)) , (1.1)

and proved the following theorem.

Theorem A (Burton [3]). Suppose that τ(t) = r and there exists a constant α < 1 such that∫ t

t−r
|b(s + r)| ds +

∫ t

0
|b(s + r)| e−

 t
s b(u+r)du

∫ s

s−r
|b(u + r)| du


ds ≤ α, (1.2)
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