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a b s t r a c t

In this paper, we study a weakly dissipative variant of the periodic Degasperis–Procesi
equation. We show the local well-posedness of the associated Cauchy problem in Hs(S),
s > 3/2, and discuss the precise blow-up scenario for s = 3. We also present explicit
examples for globally existing solutions and blow-up.
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1. Introduction

In recent years, the family

yt = −(yxu + buxy), y = u − uxx, (1)

of nonlinear equations has been studied extensively; see [1,2]. Here, u(t, x) depends on a time variable t ≥ 0 and a space
variable x with x ∈ S ≃ R/Z for the periodic equation and x ∈ R in the non-periodic case. Eq. (1) is called b-equation and
(1) becomes the Camassa–Holm (CH) equation for b = 2 and the Degasperis–Procesi (DP) equation if b = 3. Moreover, the
corresponding family of µ-equations, where

y = µ(u) − uxx, µ(u) =

∫
u(t, x)dx

in (1), has been studied, e.g., in [3,4]. It is known that the b-equation models the unidirectional motion of 1D water waves
over a flat bed; for the hydrodynamical relevance we refer to, e.g., [5–9]. It turned out that the b-equation is integrable only
if b ∈ {2, 3} and in [4], the authors mention that a similar result is conjectured for the family of µ-equations. The Cauchy
problems for the b-equation and itsµ-variant have been discussed in [2,4]. In particular, for b ∈ {2, 3}, local well-posedness
results in the periodic and in the real line-case as well as blow-up and criteria for the global existence of strong and weak
solutions have been established; see, e.g., [10–12]. In addition, CH and DP and µCH and µDP admit peaked solitons, which
make them attractive among the integrable equations; cf. [5,6,4].

In general, it is difficult to avoid energy dissipation mechanisms in the modeling of fluids. Ott and Sudan [13] discussed
the KdV equation under the influence of energy dissipation. Ghidaglia [14] studied the behavior of solutions of the weakly
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