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O R I G I NA L A RT I C L E

The singly averaged elliptical restricted three-body problem
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Abstract The plane, singly averaged, elliptical restricted
three body problem is considered in the article. The first
three terms are taken in the perturbing function. The equa-
tions of motion in terms of the canonical elements of Delau-
nay are obtained. And the change of the elements of motion
of the satellite due to the perturbing function is calculated.
An application is given in the case of a satellite in the earth-
moon system.
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1 Introduction

Various averaged variants of the restricted three-body prob-
lem have appeared in celestial mechanics in connection with
the study of secular long-period and resonance perturba-
tions. With time each of these variants has become indepen-
dent problem of celestial mechanics with important applica-
tions.

The importance of these model problems for astronomy
is determined by two circumstances. First, in expansions of
the perturbing functions of these problems one retains the
most important terms determining the motion over long time
intervals. Second, the differential equations of motion of the
enumerated problems are integrated in quadratures. All this
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makes it possible to conduct a whole series of interesting in-
vestigations. The orbits obtained in these problems can serve
as the intermediate orbits in the construction of theories of
motion of celestial bodies in the most difficult cases. For ex-
ample, Vashkov’yak and Teslenko (2008) analyzed the pe-
riodic evolving orbits of the singly averaged Hill problem.
Voyatzis et al. (2012) studied the stability and regions of ex-
istence of periodic orbits in the elliptic Hill Problem. Şelaru
and Cucu-Dumitrescu (1995) presented a method of obtain-
ing asymptotic approximations for motions near a Lagrange
point in the planar, elliptic, restricted three-body problem by
using a von Zeipel-type method. Tupikova (2009) construct
an averaging procedure for the motion of a massless body
around the central body perturbed by fully interacting plan-
ets. Elshaboury and Mostafa (2012) studied the translational
rotational motion of an earth satellite using the averaging
technique based on Lie series.

Aksenov (1979a, 1979b) studied the doubly averaged, el-
liptical, restricted three-body problem.

In this work the plane, singly averaged, elliptical re-
stricted three body problem is studied in terms of the canoni-
cal elements of Delaunay. The perturbing function is consid-
ered up to order (r/r ′)3. The case of a satellite in the earth-
moon system is studied and numerical results are given.

2 Perturbing function

As is known, the elliptical, restricted, three-body problem
consists of the following. Let a body P ′ with a mass m′ re-
volve in an elliptical orbit about a body P0 with a mass m0.
Then let there be a body P with a very small mass such that
it is attracted by bodies P0 and P ′ but does not have any
effect on their motion. It is required to study the motion of
body P .
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