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a b s t r a c t

We consider a hyperbolic conservation law posed on an (N + 1)-dimensional spacetime,
whose flux is a field of differential forms of degreeN . Generalizing the classical Kuznetsov’s
method, we derive an L1 error estimate which applies to a large class of approximate
solutions. In particular, we apply our main theorem and deal with two entropy solutions
associated with distinct flux fields, as well as with an entropy solution and an approximate
solution. Our framework encompasses, for instance, equations posed on a globally
hyperbolic Lorentzian manifold.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

This paper provides a general framework leading to error estimates for hyperbolic conservation laws posed on an
(N +1)-dimensional manifoldM , referred to as a spacetime and, in particular, leading to a sharp estimate for the difference,
measured in the L1 norm, between an exact solution and an approximate solution. The present paper can be regarded as
a generalization to manifolds of a contribution by Bouchut and Perthame [1], who recast in a concise form the pioneering
works of Kruzkov and Kuznetsov [2–4] for hyperbolic conservation laws posed on the flat (Euclidian) spacetime. We are
thus interested here in extending these results to conservation laws defined on manifolds, and develop a physically more
realistic setting when geometrical effects are now taken into account.

Motivated by the case of the shallow water equations on the sphere, the theory of hyperbolic conservation laws on
manifolds has been developed in recent years by LeFloch together with collaborators. In particular, well-posedness results
have been obtained in [5–7], and convergence results for finite volume schemes in [8,9], while an error estimate in the case
of a Riemannian manifold was derived in [10]. For further results on the well-posedness theory, we also refer the reader to
contributions by Panov in [11,12] and, on the finite volume schemes, to the earlier work by Coquel, Cockburn, and LeFloch
[13].

Recently, in [7], LeFloch andOkutmustur introduced a framework based on differential forms and dealtwith conservation
laws defined on an (N + 1)-dimensional manifold M . In their formulation, the flux of the equation is given by a field of
N-forms, rather than by a vector field as was the case in earlier works. The formulation based on N-forms is geometrically
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