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A smooth estimator for MC/QMC methods in finance
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Abstract

We investigate the effect of martingale control as a smoother for MC/QMC methods. Numerical results of estimating low-biased
solutions for American put option prices under the Black–Scholes model demonstrate that using QMC methods can be problematic.
But it can be fixed by adding a (local) martingale control variate into the least-squares estimator to gain accuracy and efficiency. In
examples of estimating European option prices under multi-factor stochastic volatility models, randomized QMC methods improve
the variance by merely a single digit. After adding a martingale control, the variance reduction ratio raise up to 700 times for
randomized QMC and about 50 times for MC simulations. When the delta estimation problem is considered, the efficiency of the
martingale control variate method decreases. We propose an importance sampling method which performs better particularly in the
presence of rare events.
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1. Introduction

The evaluation of financial derivatives is a central problem in modern finance. In the seminal work of Black and
Scholes [4], the fair price of a European-style derivative, denoted by P, can be presented as a conditional expectation
under the risk-neutral probability space (Ω,F, (Ft)0≤t≤T ,P�)

P(t, St) = E�{e−r(T−t)H(ST )|Ft}, (1)

where the underlying risky-asset St is governed by the geometric Brownian motion

dSt = rSt dt + σSt dW�
t . (2)

Other notations are defined as follows: t the current time, T < + ∞ the maturity, r the risk-free interest rate, σ the
volatility, W�

t the standard Brownian motion, and H(x) the payoff function satisfying the usual integrability condition.
For example, if H(x) = max {x − K, 0}≡ (x − K)+ for the strike price K > 0, it is a call payoff; if H(x) = max {K − x,
0}≡ (K − x)+, it is a put payoff. A financial contract with the call or put payoff exercised at the maturity date is called
a European call option or a European put option respectively.
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